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ABSTRACT: Recent experiments strongly suggest the existence of nematic-like short-range orientational 
interactions in polymer melts and networks. In this paper we study a mean-field model which includes a 
Maier-Saupe interaction between monomers of polymer chains in a melt or a polymer network and find that 
external strain can induce phase separation in a mixture of chemically identical species which differ only in 
molecular weight. This mechanism for phase separation results from an exchange of mixing entropy, lost 
upon separating the small chains from the longer chains, for nematic free energy, gained by orienting the 
longer chains. The essential point is that the external strain field acts directly only on the longer chains. 
A detailed analysis of the spinodal condition, which incorporates elastic strain and orientational degrees of 
freedom, reveals that the interplay between strain and orientational fluctuations induces anisotropic spinodal 
decomposition in a blend under uniaxial strain: the peak in the accompanying structure factor lies either 
along or perpendicular to the axis of strain, depending on material parameters. 

I. Introduction 
Orientational, or nematic, interactions in polymer 

networks and melts have attracted attention for  year^.^-'^ 
DiMarzio3and later Tanaka and Allen4 studied the packing 
entropy of a lattice comprising chains of freely jointed 
bonds, to model an affinely deformed rubber network. 
More recently, D e l ~ c h e , ~  Jarry and Monnerie? and Doi et 
ul.1OJ1 included an energetic Maier-Saupe nematic inter- 
action between monomers, analogous to that postulated 
for thermotropic liquid crystals.l* Orientational effects 
have also been considered for semiflexible chains of various 
chain architectures and fle~ibilities.’~J3J9~~~ An under- 
standing of the effects of orientational interactions in melts 
and gels is important for understanding the response to 
external fields which couple directly to the orientation of 
the monomers, such as anisotropic flows or stresses or 
magnetic fields. 

In this paper we show explicitly how an applied strain 
may be modeled as an e x t e r n a l  nematic field applied 
directly to monomers stretched between cross-links in a 
network (or entanglement points in a melt, for well- 
separated time scales). By working with Gaussian chains 
with a stress applied to their end points and a Maier- 
Saupe orientational interaction between monomers, we 
obtain, in a unified manner, Flory’s Gaussian elasticity 
theory, the free energy associated with orientational order, 
and the coupling between the orientational order and the 
applied strain. We apply this theory to a model system 
of a polymer gel with a chemically-identical polymeric 
solvent. In addition to this model system we believe the 
discussion embraces bidisperse blends of long, highly 
entangled host chains and much smaller chains, as long 
as the relaxation times for the two species are well- 
separated. 

We recover previous results for the stress-strain relation 
of a gel with orientational interactions,5 and derive a 
convenient description of the two-component system, from 
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which we demonstrate an instability to anisotropic phase 
separation under an applied uniaxial strain. We identify 
two contributions to this anisotropy: one familiar from 
classical elasticity theory, which favors fluctuations with 
wavevectors k perpendicular to the strain axis 2, and 
another from the softening of the shear modulus by 
orientational fluctuations, which favors fluctuations with 
k parallel to 2. A detailed analysis of the fluctuation 
spectrum shows that the instability toward phase separa- 
tion occurs for kll2; the corresponding experimental 
signature of this behavior is, for example, a neutron 
scattering pattern peaked along the 2 axis (“abnormal 
butterfly”). [“Normal” and “abnormal” refer to scattering 
patterns with symmetries characteristic or uncharacteristic 
of the predictions of classical elasticity theory.] A t  nematic 
couplings below that required to induce phase separation 
(at a given extension) there is a crossover to a regime 
characterized by “normal butterfly” scattering, where 
classical elasticity dominates the fluctuation behavior and 
the peak scattering strength is normal to 2, and the system 
is stable with respect to phase separation. An incompat- 
ibility between the polymers (non-zero Flory x parameter) 
can induce phase separation in this “normal” regime. 
Finally, the onset of phase separation depends critically 
on the proximity of an underlying isotropic-nematic (I- 
N) transition and on the size of the Landau parameters 
in the orientational free energy expansion. The appearance 
of phase separation is a specific case of a general 
phenomenon: the miscibility of two species which respond 
differently to an applied external field is reduced upon 
applying the external field. This difference in response 
effectively induces a repulsion between the two species 
whereby the species with the stronger response is frustrated 
by the more weakly-responding element, so much so that 
phase separation ensues at  high fields. 

The outline of this paper is as follows. In section I1 we 
describe experiments which suggest significant nematic 
interactions in polymer melts. In section 111 we present 
a heuristic mean-field argument which identifies the basic 
mechanism for strain-induced phase separation. In section 
IV we outline our microscopic model and the resulting 
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Landau theory, and in section V we present the effective 
elastic theory predicted by this model and briefly discuss 
the phase behavior. In section VI we incorporate the 
relation between elastic strain and composition variations 
and demonstrate an instability to phase separation, with 
an initial wavevector determined by a competition between 
strain fluctuations, which favor needle-like domains, and 
orientation fluctuations, which favor pancake-like do- 
mains. There are many interesting questions, which we 
leave for the future, about the phase separation kinetics 
and the resulting domain structures. Finally, in section 
VI1 we summarize our work. 
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regime where the time scales of the two species are still 
well-separated, so that the host-guest approximation still 
applies. [In the reptation model the relaxation times scale 
as 7 N P, and in the experiments22 the largest ratio of 
guest to host monomer numbers wasNg/Nh - 0.08.1 These 
features provided the initial motivation for this work. 

We make four assumptions to model the effects of strain 
on these binary blends: (i) We assume the time scales for 
host and guest relaxation are well-separated, ee,, << 
7rheep. Since a melt cannot support strain indefinitely, 
these experiments cannot be addressed within an equi- 
librium framework. However, given the assumption of 
well-separated time scales it is reasonable to expect the 
small chains to equilibrate for a given configuration of 
long chains. Hence we treat the longer chains as anetwork 
and the smaller chains as a polymeric solvent; while this 
procedure approximately identifies the onset of phase 
separation in a melt, it  does not address the kinetics of 
phase separation. Our theory is accurate, of course, for 
agel/solvent system. (ii) We assume the cross-link points 
deform affinely. (iii) We include a Maier-Saupe nematic 
interaction between all monomers. An orientational 
interaction can be either energetic, such as a gain in van 
der Waals energy between parallelmonomers, or entropic, 
such as an anisotropic excluded volume resulting from 
packing considerations, and a physical system incorporates 
some combination of the two. Our choice of a Maier- 
Saupe, or energetic, interaction is primarily for compu- 
tational convenience. (iv) We model the external stress 
as applied only to the host chains. 

Consider the consequences of an external field directly 
applied to the host. The guest chains couple indirectly to 
the strain through their interaction with the host; the 
reduction in their orientational entropy upon aligning with 
the host reduces the efficacy of the applied strain. Thus, 
in a strained gel which is initially isotropic, the host 
monomers gain free energy by orienting in response to the 
strain, but not as much as they would gain in the absence 
of the guests. Phase separation can occur when the free 
energy gain due to the extra orientation of the host in the 
absence of guest chains compensates for the free energy 
cost of segregating the two populations, which comprises 
the simple demixing entropy and the elastic cost of 
stretching the host to locally change the composition. The 
phase-separated state is a dispersion of guest-rich regions 
with relatively little nematic order in a host with greater 
nematic order. Hence asignature of this phase separation 
behavior is a decrease in t. 

Let us consider a deformation of the host, 

11. Motivation and Preliminaries 
We focus on experiments which measure the anisotropy 

induced in uniaxially-strained two-component systems. 
A simple way to test for nematic interactions is to strain 
either a network or a highly entangled melt (host) 
containing a fraction of relatively short guest polymers. 
The guests initially feel a stress due to the network 
deformation but quickly relax conformationally via rep- 
tation. The existence of short-range orientational (ne- 
matic) interactions between the guest monomers and those 
of the constrained host chains is then manifested in non- 
zero guest nematic order Q$, where 

Here ng is the number of guest chains, Ng is the guest 
monomer number per chain, Qi is the orientation vector 
of monomer i ,  and I is the identity tensor. The host order 
parameter Qh is nonzero even in the absence of nematic 
interactions, due to the applied stress. 

Experiments testing this effect were performed by 
Deloche et aL5 and Boue et ~ 1 . ~ ~  with free deuterated guest 
chains dispersed in a network. D-NMR measurements 
revealed induced nematic order in the guest  chain^,^ while 
neutron scattering on similar samplesz1 revealed ap- 
proximately isotropic guest conformations. Hence the 
guest chains are conformationally relaxed while still 
possessing orientational order due to interactions with 
the strained and anisotropic host, providing evidence for 
short-range orientational interactions in polymers. 

More recent experiments by Ylitalo et dZ2 probed host 
and guest order in strained polybutadiene polymer melts 
by simultaneously measuring the total sample birefrin- 
gence and the dichroism due to the deuterated guests. 
These experiments extracted the ratio E of guest to host 
order, defined by 

s g  = CSh (2 .2 )  

where the scalar order parameter S is defined by 

(2 .3)  

and k is the strain axis. Strains of 30-45 5% were applied 
to these samples. We are primarily interested in two 
significant features of these experiments: (1) For small 
guest E - 0.9, which supports the existence of considerably 
short-range orientational interactions. ( 2 )  The ratio 
e(Ng) is roughly constant for N g  S Ne and decreases 
dramatically to 6 - 0.4 for N g  R 5Ne, where Ne is the 
typical number of monomers between entanglements. This 
contradicts the expected result that for long enough guest 
chains the host and guest are indistinguishable and have 
the same degree of nematic order. This drop occurs in a 

1 Q = S( 22 - 51) 

(2.4) 

where r is a position coordinate in the strained system 
and ro is the reference Cartesian coordinate of the 
unstrained system (note summation convention). For an 
affine deformation the cross-link end-to-end vectors R 
are assumed to transform according to the same deforma- 
tion E. Thus, the distribution of end-to-end vectors {R) 
satisfies 

where we assume the underformed distribution of end- 
to-end vectors satisfies (RoJi)o = 1/3Nhbz8a,q, and we 
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believe that the qualitative nature of our results survives 
this breakdown. 

have introduced the strain tensor w a 8 ,  

dr, dra 

dro dro 
was = (EE~),, = - . - (2.7) 

Nh is the number of monomers between cross-links and 
b is the statistical segment length. The average ( * ) E  is 
over all end-to-end vectors in the presence of the defor- 
mation E, while (.), is the average in the underformed 
state. For a uniaxial deformation along 2, 

w = c2 (E ;-1 ir, 
where X is the extension ratio and c3 is the relative volume 
change of the deformation; 

(2.8) 

Here 4, and 4 are the guest volume fractions before and 
after the deformation. The traceless part of the deforma- 
tion tensor, for uniaxial strain, is 

w = - A-')(22 - 1/&) (2.10) 

This is a measure of the nematic strength of an applied 
strain. We use the notation E 3 E - I/3I Tr E for the 
traceless part of any tensor E, where Tr E = E,, is the 
trace. 

To understand the significance of the constraint (2.91, 
consider a deformation u(r) = r' - r, for which the 
deformation and strain tensors change according to 

due E&, = E,, + E - (2.11) 

To lowest order in u(r) the composition variation is (from 
eq 2,9) 

6 ( 1 -  4) = -(1- 4)V.u (2.13) 

This relation is equivalent to the assumptions that the 
system is incompressible and the local change in the host 
volume fraction is given by the volume change of the 
deformation of the gel cross-link points. The exceptions 
to this are dangling ends and small scale (compared to the 
mesh size) loops which need not move affinely. This 
constraint differs significantly from the coupling envi- 
sioned recently by Rabin and Bruinsrnaz3 in their descrip- 
tion of "butterfly" patterns in soft solids. In ref 23 the 
strain u and concentration 64 fluctuations are assumed to 
be coupled by a term C& Vqu in the free energy, which 
applies when 64 is an additional independent conserved 
order parameter such as the composition of a precipitate 
in an elastic solid,2P26 or when the affine deformation 
hypothesis breaks down. This hypothesis breaks down at  
a distance smaller than the cross-link distance, which does 
not affect our discussion below a t  very small wavevectors. 
Also, experiments suggest a breakdown of the affine 
deformation hypothesis at  moderate strain ( A  - 1.5);27 we 

111. Weiss Mean-Field Theory 

In this section we outline a Weiss mean-field theory 
which indicates the fundamental instability governing 
phase separation. We will assume chemically-identical 
host and guest monomers, which respond to their local 
nematic fields with the same bare susceptibility X,. Within 
mean-field theory the local nematic field Hoc due to the 
surrounding monomers is proportional to the average value 
of the nematic order: 

H'" = W[$SP + (1 - r#l)Sh] (3.1) 

where w governs the strength of the nematic interaction 
and 4 is the guest volume fraction. The guest order 
parameter S g  then obeys 

Sg = x,H'" (3.2) 

In addition to iP, the host monomers feel an external 
field Hext because they are being stretched. A reasonable 
estimate for Hext is the anisotropy in the applied strain, 
distributed equally among the host monomers between 
cross-links (a good assumption for moderate strains, A21 
Nh << 1): 

wxt = (A2  - X-')/Nh 

Sh = X,(H""t + H1") 

(3.3) 

Hence the host nematic order responds as follows: 

(3.4) 

The self-consistent set of equations (3.1)-(3.4) deter- 
mines the induced nematic order as a function of applied 
strain: 

The apparent divergence a t  xow = 1 signals a nearby I-N 
transition. [The actual I-N transition is not a t  w = xo-l 
because symmetry dictates a cubic term in the nematic 
Landau free energy which induces a first-order transition 
at  WIN x , -~.~* However, eqs 3.5 are correct for linear 
response.] For w = 0 the guest order vanishes, as expected, 
and for w # 0 the guest chains reduce the host nematic 
order. This reduction drives the phase separation. The 
work done by an applied strain is the gain in nematic free 
energy per monomer, PAfnem[4] = -(1 - 4) J o ( x * - x - ' ) ~ N ~  Sh 
d H e x t ,  and is 

(with 0-l = k~n. Clearly, the gain in free energy is larger 
where there are fewer guest monomers. To examine the 
possibility for phase separation to take advantage of this, 
we add the translational entropy per monomer, 

(3.7) 

We include only the guest chain mixing entropy because 



Macromolecules, Vol. 27, No. 22, 1994 Strain-Induced Nematic Phase Separation 6651 

we consider times short with respect to the host chain 
relaxation times. For small strains the total free energy 
Af[41 = Afnem[4l + /mix[#] is concave as a function of 4, 
and hence a homogeneous state is stable for all 4. However, 
for larger strains (and correspondingly higher nematic free 
energies) the system is thermodynamically unstable for 
certain volume fractions. The condition for thermody- 
namic stability, rYAf/d~#? > 0, is 

When this inequality is violated the system is unstable 
toward phase separation. From this relation we may 
identify several effects which promote phase separation: 
(1) increased effective strain (Az - X-l)/Nh, which increases 
the local nematic field; (2) longer guest chains Ng,  which 
reduce the entropy cost for phase separation; (3) more 
guest chains 4; (4) stronger nematic interaction w and 
bare susceptibility xo, which implies an underlying iso- 
tropic-nematic transition in the melt. Phase separation 
occurs such that the host excludes guest monomers to gain 
nematic free energy by aligning with the applied strain, 
with the result that the guest monomers acquire less 
nematic order per bond than before phase separation, and 
the host monomers more. This provides a possible 
explanation for the curious drop in the ratio S/Sh as a 
function of Ng in the experiments of ref 22. 

This mean-field argument is heuristic, particularly the 
approach of treating the strain as an external nematic 
field coupling directly to the host, but these ideas are 
supported by a microscopic calculation below. Also, we 
have so far omitted the host elastic energy which opposes 
phase separation. This will be included in section VI. 

IV. Microscopic Model 

We first consider the host and guest polymers to be 
chemically identical freely-jointed chains with a micro- 
scopic Maier-Saupe interaction between monomers. The 
extension to include incompatibility is straightforward and 
will be included as needed. The ng free guest chains 
have N g  monomers while, subject to the condition T ! ~ ~  << 
$ep, the host is represented by a gel of n h  chains of Nh 
monomers stretching between cross-links. We include a 
“stress” nap acting as the host chain end points R-i.e. on 
the cross-link end-to-end vectors-which we ultimately 
Legendre transform in favor of the desired applied strain 
W. The partition function is 

i s=l 

Here, ukS = riiS+l - ri3 is the bond for monomer s of guest 
chain i and the measure is over all monomer positions r. 
The free statistical weight WJuI enforces fixed bond 
length: 

The Hamiltonian %, the sum of nematic interactions and 

field terms, 

1 
7f = - ;ipW,JTr Q2(r) d3r - p(1- $)JHg:Bh(r) d3r - 

p4JHh:Qg(r) d3r (4.3) 

is defined in terms of the nematic operator &r) = (1 - 4) 
Bh (r) + 4$g(r), where the guest and host order parameters 
are defined by 

i= l  s=l 

(4.6) 

[We use the notation A:B Aa$3p, = Tr AB.] The total 
monomer density is p = (nh& + ngNg)/V, where u is the 
volume; 4 = ngNg/(ngNg + nhNh) is the guest volume 
fraction; and Q = u/lul. The homogeneous external nematic 
fields Hh and Hg are introduced for calculating the Landau 
free energy density as a function of the average of $. 
Although we consider H:xt = H:xt = 0, the strain W 
emerges as an effective external field which acts only on 
the host. 

The free energy is 

p3[II,Hh,Hgl = - In ZIII,Hh,Hgl (4.7) 

and the deformation of the end-to-end vectors between 
cross-links is (see eq 2.6) 

(4.8) 

We choose as orientational order parameters the average 
host nematic order per host monomer: 

Qh = ( V-’Jd3 rQh) (4.9) 

which may be calculated by 

(4.10) 

and similarly for the guests. The thermodynamic potential 
@[W,Hh,Hgl is then 

@[W,Hh,Hgl = 3[II,Hh,Hgl + II:W (4.11) 

in terms of which II = 6@/6W. The effective (Landau) 
potential is given by a further Legendre transform 

FEW, Qh, Qgl = @[w, Hh, Hgl -I- n,,NhHh:Qh + 
nJVgHg:Qg (4.12) 

with Hh and Hh given in terms of Qh and Qg by eq 4.10. 
In the absence of external nematic fields the equilibrium 
conditions are found by minimizing F I W , Q h , Q g l  - next: 
W, 

= 0 (4.13a) 
6F[W, Qh, Qgl - 6F[W, Qh, Qgl - 

JQh JQP 
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and eq 4.19 
includes the lowest order coupling between Qh and W. 
Higher order couplings are of the form QZw/Nh, QW2/ 
Nh2, etc., which, because Q - Nh-l (upon minimizing with 
respect to Qh), are of order Nh-3. Hence the free energy 
is correct to (!I(Nh-'). We retain the higher order terms 
(Q3 and Q4) in eq 4.15 to include nonlinear effects near 
the isotropic-nematic transition. 

The effect of the deformation is as discussed in our 
heuristic mean-field argument: the effective nematic field 
per monomer (eq 4.19, first term) is the strain anisotropy 
reduced by a factor of the mesh size Nh, applied only to 
the host. Note that our results are for arbitrary strain 
fields, including biaxial deformations. A similar form of 
strain-orientation coupling was first proposed by de Gennes 
in the context of a tenuously cross-linked polymer-nematic 
gel with a weak shear modulus, to discuss the effects of 
strain on the nematic transition in the gel and the softening 
of the shear modulus by orientation  fluctuation^.^^.^^ 
Similar free energies have also been proposed by several 
other author~5,8J*J5~~0 for gels or networks with orienta- 
tional interactions and a small molecule (nonnematic) 
solvent. In particular, the theory of Warner and WangzO 
is a self-consistent theory which reduces to our Landau 
expansion. 

V. Effective Elastic Theory and Phase Behavior 
From the free energy we may now compute the stress- 

strain relation of the gel/solvent system. The stress tensor 
a,@ follows from examining the change in free energy under 
an applied deformation u(r) = r' - r, according to33 

6F = $d3r aagVaug (5.1) 

from which u = 2WT63/6W = 2WTIIext and (usingeqs 2.13 
and 4.21) 

Equation 4.15 is an expansion to 
(4.13 b) 

where next is the externally applied stress. We will see 
below how next is related to the physical stress tensor u,B 
in the gel. 

A t  this stage the Landau theory must be calculated 
perturbatively in the order parameters (see Appendix A). 
Completing this procedure, we find the following Landau 
free energy per monomer: 

f[Qh,Qg,W,41 = fmix[41 + (1 - 4)fhN[Qhl + 4fpN[Qgl + 
fint[Qh,Qg,W,$l + fel[W,91 (4.14) 

The entropic contribution from the orientational degrees 
of freedom is the nematic (N) free energy density, 

1 1 1 @fNIQ1 = 5A Tr Q2 - 3l3 Tr  Q3 + ZC[Tr Q212 

where the Landau coefficients for the guests are 

(4.15) 

c, = - 8325 (4.16) 15 225 A, = - 2 B , = z  196 

and the host Landau coefficients are 

The orientational entropy loss of a Qh fluctuation is larger 
than that of a Qg fluctuation because the host end points 
are constrained to be W (eq 2.6), while the guest end points 
are free. [This distinction is only sensible in the gel 
approximation and does not apply to an equilibrium 
(unstrained) melt.] The elastic free energy, 

Ah Tr w21 
1 '--' T r W - I - - 1 n W  + 

(4.18) 
'fe1[w741 =%[ ( 2 1 25Nh 

is Flory's classical rubber elasticity theoryz9 with a 
correction (the last term) due to the introduction of the 
orientational order parameter. In the absence of nematic 
interactions this correction is canceled upon minimizing 
f[Qh,Qg,W,$l with respect to Qh, to recover Gaussian 
elasticity. The interaction free energy is the sum of the 
host orientational interaction with the strain, nematic 
interactions, and the incompatibility between host and 
guest chains: 

Pfint[Qh,Qg,W,dJ1 = - --% - dJ)W:Qh - 
A 

5Nh 
W 
- Tr[(l-  4)Qh + 4Qg12 + ~ $ 4 1 -  4) (4.19) 2 

where w = @w, and x is the Flory parameter.30 The total 
free energy is given by 

F[Qh,Qg,W,41 = pJd3r f[Qh,Qg,W,41 (4.20) 

where we have used eq 2.9. Equation 4.21 is convenient 
for variational calculations. 

u W [  I - 5 Q  2Ah h +-W 25Nh 2Ah 1 (5.2) 
Nh 

For weak strains the induced orientational order is, to 
0 (Nh-' ) , 

(5.3a) 

(5.3b) 

and for uniaxial strains the stress anisotropy, ACT ozz - 
uxx,  is 

where XN is the susceptibility for a pure host system in an 
external nematic field which couples via -H%,:Qh: 

W 
XN = 5(A,  - W )  

(5 .5)  

Note that a nematic interaction allows a larger extension 
X for a given stress anisotropy. In other words, a nematic 
interaction increases the response to an applied shear strain 
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or softens the shear modulus. Similar stress-strain 
relations have been given by Deloche5 and Jarry and 
Monnerie.8 

We can see this softening in another guise by considering 
terms quadratic in Qh and Q g .  Integrating these orien- 
tational degrees of freedom out of the free energy, eq 4.14, 
leaves the following effective elastic theory for the system: 

c 

For a deformation u(r) the strain tensor becomes Was = 
6,s + aauB + asu, + Vu,.Vub, and we may expand eq 5.6 
to quadratic order in u(r) to obtain the standard elastic 
free energy density (in dimensions of energy per volume 
now, rather than energy per monomer) of an isotropic 
solid,33 

with bulk modulus K and shear modulus ~ ( 4 ) :  

1 - 4  K(4)  = pk T- 
Nh 

(5.8a) 

The shear modulus is softened due to nematic interac- 
tions and acquires a nontrivial composition dependence. 
Note that ap/d(l- 4) can change sign for sufficiently large 
XN; this effect is more pronounced when considering small 
fluctuations u(r) about an already-strained state. This 
nonlinearity also softens the bulk modulus K for finite 
strain, due to the constraint (2.13). These effects are 
crucial in the results that follow. For XN = 0 the bulk and 
shear moduli are equivalent to those derived by Onuki f&r 
a gel, with the identification of p(1- &)/Nh as the average 
cross-link density, ti in his notation.34 For a non-zero 
uniaxial strain the free energy governing harmonic fluc- 
tuations about the resulting state is that of a uniaxial solid, 
with five elastic constants. The isotropic gel is elastically 
stable for positive K(4)  and p($), and thermodynamically 
unstable for K(4)  + 4p(4)/3 = 0, as discussed in refs 35 
and 36. 

We may calculate the ratio c for weak strain from eqs 
5.3: 

(5.9) 

which allows one to determine experimentally the ratio 

A realistic calculation of the phase behavior when the 
system phase separates under an applied strain is very 
difficult because of the long-range elastic interactions, and 
we leave this for future work. Here we restrict ourselves 
to a few qualitative comments on the phase behavior of 
this system and concentrate below on the nature of the 
spinodal instability. We note, however, that Warner and 
Wang have calculated the phase diagram of an isotropic 
solvent in a nematic gel in quiescent (unstrained) condi- 
tions.20 

In zero strain the host and guest chains are identical 
and undergo a first-order isotropic-nematic transition at  
w& = A - B2/(27C) = 7.27, with a discontinuity ASIN = 

w/Ag- 

B/(3C) = 0.13. As with a nematic liquid crystal with 
positive susceptibility in a magnetic field,37 an applied 
strain decreases both ASIN and WIN, and for sufficiently 
strong strain the discontinuous transition disappears 
altogether and the system behaves smoothly as a function 
of nematic interaction. For larger guest fractions the strain 
required to suppress the transition is greater, for the strain 
then couples weakly to the entire system and ita effective- 
ness decreases. Since the field couples directly to the host, 
the I-N transition occurs a t  a smaller w for a system richer 
in host. As discussed in section 111, phase separation can 
occur when nematic effects are strong enough compared 
to elastic and entropic effects. Depending on the strength 
of the Landau coefficients this phase separation can occur 
in the pretransitional or strongly nematic ranges of w. In 
the case where Ah # A,, as appears here, the behavior is 
complicated by further phase-separation tendencies. 

In a melt the stress relaxes on the order of the host 
reptation time, and any phase separation eventually ceases 
as the system reverts to a homogeneous unstrained melt; 
the system cannot reach an equilibrium strained state. In 
a gel the system coarsens and eventually reaches an 
equilibrium phase-operated state. Phase separation re- 
quires distorting the host chains: stretching them to avoid 
the pockets rich in guests and compressing them in the 
guest-poor regions. The increase in elastic free energy, 
together with the connectivity imposed by the cross-links 
and the symmetry of the strain, leads to the following 
effects: (1) phase separation is anisotropic, with the 
domain shape determined by a competition between 
orientation and strain fluctuations; (2) while the final 
equilibrium state in the biphasic region may be two large 
domains, the presence of long-range elastic interactions 
may “trap” the system in very long-lived metastable states, 
as has been seen by Tanaka in the deswelling of conven- 
tional gels by rapidly changing the temperature (or solvent 
quality).38 We will not address this last point here. 

VI. Elastic and Fluctuation Effects 

A. Structure Factor. We now incorporate the elastic 
energy cost of deforming the host chains and calculate the 
long wavelength limit of the structure factor. Elastic 
fluctuations are especially important because of the 
constraint 6(1 - 4) = -(1 - +)V.u, through which 
longitudinal strain fluctuations are equivalent to com- 
position fluctuations. At  this point the affine deformation 
hypothesis is crucial, and we depart from the analysis of 
Rabin and B r ~ i n s m a , ~ ~  who proposed a coupling C,V.u in 
the free energy. As discussed in section 11, we believe our 
results should apply in the long-wavelength limit. We 
consider harmonic fluctuations about states which mini- 
mize the free energy with respect to orientational varia- 
tions, for a given fixed applied strain W. Strictly speaking, 
W is determined by the applied stress through eq 4.13b, 
and it is possible that a range of strains is prohibited 
because the elastic modulus is discontinuous at  the I-N 
transition. However, we consider strains W above that 
which suppresses the discontinuous I-N transition, so that 
the stress-strain behavior is continuous. 

While one may obtain analytic expressions by assuming 
a Gaussian form for F (B  = C = 01, we must include 
nonlinear corrections to obtain accurate results near the 
I-N transition. The degrees of freedom are the host and 
guest fluctuations 6Qh and 6Qg; and the strain fluctuations 
Vu, which we separate into transverse strain and com- 
position fluctuations using the constraint 6(1 - 4) = -(1 
- 4)V.u. The relation between V-u and W is given 
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The first and third terms of eq 6.7 are contributions 
from the guest entropy and host-guest incompatibility, 
respectively. The second term is anisotropic and comes 
from the elastic energy of locally dilating the gel to change 
the compo~i t ion .~~ This term favors fluctuations with 
k 12, or “needle-like” composition fluctuations (assuming 
uniaxial symmetry), producing the so-called “normal 
butterfly” scattering pattern (Figure 4). This may easily 
be understood if we think of the gel as a a network of 
springs. After a uniaxial extension there are more springs 
per unit area for area elements with normals d parallel to 
2 than for area elements with dL 2. Hence, modulations 
which stretch the gel farther along 2 stretch more chains 
per area than modulations normal to 2 and cost more 
energy. Thus the purely elastic contribution to the 
structure factor is peaked along k 12. 

The terms in brackets are contributions from the 
nematic interaction. The first of these is isotropic and 
vanishes for X = 1. This is primarily responsible for phase 
separation and is the term given by the rough mean-field 
argument in section 111. The next three terms, in braces, 
arise from host orientation fluctuations and favor “pan- 
cakes” over needles. The first two terms do not vanish in 
zero strain (W)x=1 = I) and arise from the direct coupling 
of the host order to the strain fluctuations infint (eq 4.19). 
The third term vanishes for zero strain (W),=, = 0) and 
arises from fluctuations about a state that has some 
orientational order. The last term in brackets vanishes 
for zero strain and originates from the entropic cost of 
orienting the guests. This term favors needles over 
pancakes; i.e. it opposes the other nematic terms. The 
sum of the nematic terms favors pancakes, giving rise to 
the “abnormal” butterfly scattering pattern (Figure 5). 

The instability toward phase separation (spinodal) is 
given by So-l(d) + C(k) = 0, while So-l(k) < 0 signifies a 
quench into a two-phase region. Since C$ is conserved, the 
initial growth of fluctuations upon a quench (quickly 
applied strain) obeys39 

by eq 2.12. In general, the fluctuation free energy density 
is 

of,,, = ;[6a:Vu + 6Hh:6Qh + 6Hg:6Qgl (6.1) 

where Hh(g) = df/dQh(g), the differentials are given by, for 
example, 

and a is given by eq 5.2. Upon eliminating all degrees of 
freedom except for composition fluctuations 6C$(k) (see 
Appendix B), we obtain the effective free energy 

where we have written the inverse structure factor as the 
sum of a term C(k) which vanishes for k = 0, and the 
portion that remains in the long-wavelength limit, So-’&). 
The structure factor 

is obtainable from, e.g., neutron scattering from systems 
containing deuterated guests in a protonated host. The 
full form of So-l(k) is given by eq B17 in Appendix B. 

for zero 
applied strain ( A  = 1, c = 1): 

Before analyzing this result, we examine 

The first term is the contribution from the guest trans- 
lational entropy, and the second term is the contribution 
to the bulk modulus from classical rubber elasticity 
theory.34 The third term is a contribution from orientation 
fluctuations: it arises from the composition dependence 
of the effective shear modulus due to orientational 
interactions (eq 5.8b). For the experimental valuesz2 C$ N 

0.2 and e - 0.9, and w - 6.9 (based on eq 5.9), the ratio 
of strain to orientation contributions is about Nd4.9, where 
Nh - 20 - 40 (recall that Nh in the melt corresponds to 
the entanglement monomer number). Hence, even in the 
absence of an applied strain the presence of a nearby 
nematic transition has small, yet noticeable, effects on 
composition fluctuations. 

While the structure factor, eq B17, is quite complicated, 
we may understand its qualitative behavior by considering 
weak strain. Upon substituting the linearized values for 
Qh and Q g  (eqs 5.3) and setting B = C = 0, we find 

%[Tr Wz + 2 k.W2.k + $.W.k)’ + 
2Nh2 I 

While this structure factor is qualitatively correct for 
moderate strains, X S 1.5, the actual phase separation 
behavior is highly dependent on the parameters B and C. 

t9,6C$(k) = -Mk2[S[’ (k)  + C(k)l&(k) + 0(61$~) (6.8) 

where M is the mobility. For a quench the system is 
unstable to phase separation a t  long wavelengths, with 
shorter wavelengths stable, and the cutoff is determined 
by So-l(k) + C(k) = 0. As the system coarsens, nonlinear 
terms in eq 6.8 eventually limit growth at  long wavelengths; 
this is a consequence of the long-range nature of the elastic 
interactions. 

The fastest growing mode for a quench is a long- 
wavelength composition variation along the direction 
which maximizes ISo-l(k)l, This direction is determined 
by a competition between needle-like (0 = ir/2) and 
pancake-like (0 = 0) fluctuations, driven by, respectively, 
orientation and elastic fluctuations. Note, however, that 
behavior at  shorter wavelengths is determined by the 
details of C(k). 

B. Scattering and Phase Behavior. We first discuss 
the possibility of spontaneous phase separation for zero 
applied strain, a phenomenon only relevant for the gel/ 
solvent system. [The isotropic solvent/unstrained nematic 
gel system has been treated in detail by Wang and 
Warner.2o] For X = 1 an instability to phase separation 
occurs for 
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Table 1. ComDarison of MicroscoDic Theories of the I-N Transition with ExDeriment. 

Gaussian chains-this work 7.5 16.1 42.5 0.13 0.030 
wormlike chains-semiflexible limitlg 11.25 36.2 54.4 0.22 0.079 
wormlike chains- rigid rod limitlg 7.5 16.1 19.5 0.28 0.066 

small molecules-Maier-Saupe theorP2 12.3 39.8 35.4 0.37 0.13 
experiment: HCN53 8.7 0.42 0.39 0.36 0.0019 
experiment 8CB" 4.4 0.30 0.25 0.4 0.003 
experiment: MBBA55 2.89 0.19 0.16 0.4 0.003 

This comparison demonstrates how microscopic theories systematically fail to accurately represent experimental data. The Landau 
coefficients are those for a free energy per molecule of the form (k~") - l f~[Q]  = '/2A Tr Q2 - l/fi Tr Q3 + 1/4C[Tr Q2]2, where A = ao(1- 
!P/T). For thjs theory the order parameter discontinuity is AS = B/(3C), where Q.6 = S(n,n6 - 6.8/3) and (TIN - T*)/Tw = B2/(2Cao). In 
this language A = Ah - w. We quote our theory for 6 = 0 and ignore the correction to Ah. Experimental Landau coefficients have been 
normalized by the molecular volume to dimensionless units. The important point is the discrepancy between the theoretical and experimentally 
determined values for (1 - T/TIN).  For the calculations used in the text we have taken B, = 0.5 and C, = 0.6. Here we cite the Landau expansion 
of the Maier-Saupe free energy at the predicted transition temperature. The exact results from the theory are qualitatively similar: AS = 
0.28, (1 - T*/TIN) = 0.15. 

which may be rewritten as (using Ah = Ag(l + 3/(5Nh))) 
On the other hand, the nematic coupling at  which the I-N 

Hence, WIN C Ah and w, C Ah. If WIN C w,, then 
spontaneous phase separation may only occur in the 
nematic regime. For the Landau coefficients we have 
derived we find WIN << w+ for all 4 and for Nh < 1000, and 
hence phase separation in the absence of strain can only 
occur well inside the nematic region of the phase diagram. 
Thus extremely strong strains are required to induce phase 
separation in a system which is isotropic in an unstrained 
state, and in all likelihood our analysis breaks down at  
such large strains. If, however, the shift A - WIN induced 
by the cubic term B at  the first-order I-N transition is 
much smaller, one may reach a regime where w, N WIN. 
In such cases we may expect strain-induced phase separa- 
tion in a system which is isotropic in the relaxed state. 
There is reason to believe that the shift A - WIN may 
actually be much smaller: previous studies of the I-N 
transition based on the Maier-Saupe theory, upon which 
our discussion is based, are known to greatly overestimate 
the quantity A - WIN, by a factor of order 40 (see Table 
1). This translates, in our model, into an equivalent 
overestimate of the Landau coefficients. If we adjust B 
and C accordingly, WIN increases and makes tenable the 
possibility of having w+ N WIN, hence increasing the 
likelihood of strain-induced phase separation in a system 
which is isotropic in the unstrained state. The calculations 
performed in the rest of the paper correct for this 
characteristic discrepancy between theory and experiment. 
[This issue has been raised recently by Sheng and Tao, 
who have shown how to account for this inconsistency by 
generalizing the Maier-Saupe theory to account for the 
density change at  the tran~ition.~O] 

We now examine the instability to strain-induced phase 
separation, with the inclusion of elastic effects. We have 
chosen values for the Landau coefficients B and C (B/A 
= 1/15, C/A = 2/25), characteristic of a realistic I-N 
transition ( A S  = 0.27, (TIN - P t ) / T 1 ~  = 0.0015). We find 
that the spinodal occurs for &Ilk, corresponding to layering 
with normals along the strain direction. Figure 1 shows 
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Figure 1. Spinodal curves for Nh = 20, N, = 300, and X = 1.3, 
1.5, 1.7, 1.9, 2.1. 
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Figure 2. Spinodal curves for X = 20, N, = 300, and Nh = 100, 
200, 300, 400, 500. 

the spinodal curves a t  various extension ratios (A = 1.3 - 
2.1) for N h  = 20 and Ng = 300, and Figure 2 shows the 
spinodal curves for X = 1.5 and Ng = 100 - 500. In the 
latter case the spinodal curves saturate at large Ng, as the 
entropic cost of demixing vanishes. For these parameters 
phase separation occurs in a system which is isotropic in 
the unstrained state ( W I N  - 7.5). 

Figure 3 displays the crossover behavior from weak 
nematic couplings where the fluctuation spectrum is 
dominated by strain fluctuations, preferring needle-like 
fluctuations to strong nematic couplings near the spinodal 
where the fluctuation spectrum is pancake-like, reflecting 
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between the gel and the blend. Age1 remains homogeneous 
at a much larger x than does a melt of very long polymers, 
of size Nmon >> Ng > Nh (recall again that Nh is the 
entanglement length in the melt, or strand length in the 
gel), because the entropic cost opposing phase separation 
in the melt, (1 - 4) log(1- 4 ) / N m o n ,  is replaced in the gel 
by the much larger elastic cost, -I/& Hence we may 
only consider a very small x (- l/Ng) in the melt before 
the unstrained system is unstable to phase separation, 
while the gel is stable against phase separation for a larger 
x ( - I/&). The effect of increasing x on the strained 
state is therefore much different for the two cases. In a 
homogeneous melt x is overwhelmed by the elastic effects 
on short time scales and undergoes "transient spinodal 
decomposition" into abnormal butterflies. In contrast, in 
a gel we may have a relatively large x, and hence an applied 
strain can induce phase separation at a considerably lower 
wd. In fact, one can in principle induce phase separation 
in a gel in the regime where scattering is dominated by 
elastic fluctuations: i.e. the spinodal instability occurs for 
k I 2, to needles rather than pancakes. We emphasize 
that our discussion is limited to the initial instability, while 
later growth is dominated by nonlinear effects and should 
be quite interesting. 

Finally, we mention the implications of these results for 
the experiments of ref 22. Polybutadiene has entangle- 
ment monomer number Ne - 35, and experiments were 
carried out at guest volume fractions 4 N 0.2, with 
extension ratios of X - 30-455'6 .22 The experimental 
values for the ratio E = Sg/Sh lay within (error bars) E E 
(0.78-0.98), hence placing w within (from eq 5.9) w E 
(6.12-7.4). A decrease in E came as the guest molecular 
weight was increased above Ng/Ne - 5. Our calculations 
showed an instability to phase separation at the limits of 
these values: Ne = 35, N g  = 300, X = 1.5, WIN = 7.4, and 
for a choice of Landau coefficients which, though somewhat 
arbitrary, was guided by historical comparisons of theo- 
retical and experimental studies of the I-N transition in 
low molecular weight liquid crystals. Hence the applica- 
tion of our theory to these particular experiments is 
suggestive, while by no means conclusive. Further tests 
to resolve the relevance of nematic interactions to this 
particular system include verifying whether or not there 
is an appreciable x parameter between the protonated 
and deuterated butadiene chains and whether or not phase 
separation could have occurred in the systems with longer 
guests even before the application of strain; testing for the 
morphology of any phase separation that might appear 
under strain by, for example, neutron scattering, as has 
been performed by several other g r o ~ p s ; ~ ~ ~ ~ ~ ~  or examining 
the qualitative behavior of the system as solvent is added. 
Finally, we mention a related recent study. Liu and 
Fredrickson& have developed a theory for phase separation 
in blends of polymers with different flexibilities from 
which, by comparison with experiments of Bates et al.,47 
they predict nematic couplings in the range 16 /41p-1  < w < 
l5/2lP-l1 where 1, is the persistence length in units of the 
statistical segment length: for our discussion I ,  = 1. 

VII. Discussion and Conclusions 
We have investigated the phase properties of strain 

applied to a polymer network containing a polymeric 
solvent, in which both network and solvent monomers 
interact via a Maier-Saupe-like nematic interaction. The 
analysis also applies to a melt where the time scales 
between the host and guest polymers are sufficiently well- 
separated that we may ignore the stress relaxation of the 
melt. 

To lowest order a uniaxial strain acts as an external 
nematic field applied directly to the host monomers, while 
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Figure 3. Spinodal curve for klih, X = 1.5, Nh = 20, N g  = 300. 
The dashed line denotes the crossover between scattering 
dominated by orientational fluctuations (abnormal butterflies) 
at high w and scattering dominated by elastic fluctuations (normal 
butterflies). Scattering behavior at Ais shown in Figure 4, while 
that at B is shown in Figure 5 .  The equilibrium isotropic-nematic 
transition occurs at WIN = 7.49. 

kx 
Figure 4. Normal butterfly scattering pattern for X = 1.5, w = 
6.8, Nh = 20, N g  = 300, 6 = 0.2. Point A in Figure 3. 

XN 

Figure 5. Abnormal butterfly scattering pattern for X = 1.5, w 
= 7.3, Nh = 20, N g  = 300, d, = 0.2. Point B in Figure 3. 

the incipient phase-separation behavior. Figures 4 and 5 
show the structure factor in these two regimes, displaying 
the characteristic normal and abnormal butterfly patterns. 
For these plots we have used the large-k structure factor 
C(k) = (k2(1 - 4) + k*W-k4)/(184(1-4)), which is slightly 
anisotropic in the "normaln direction.41 We leave for the 
future a full calculation of the details of the structure factor 
at larger wavevectors. The structure factor in the nematic 
regime is strikingly similar to that observed in several 
recent experiments on strained networks and 

These calculations are for x = 0; for a non-zero Flory 
incompatibility x the value at  which phase separation 
occurs is reduced. This raises an interesting distinction 
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guest monomers interact indirectly with the external field 
through their orientational interaction with the host. Thus, 
the host and guest monomers respond differently to the 
applied strain and consequently are susceptible to phase 
separation. This simple linear coupling of strain to the 
nematic order parameter Q only strictly holds for a small 
Q Landau expansion, and for Nh monomers between 
network cross-links and strains h such that x2/Nh 5 1. 

Strain fluctuations have important effects on the 
instability toward phase separation, due to the constraint 
relating the guest volume fraction 4 to the strain Vu; 64 
= (1 - 4)V.u. This relation is valid a t  wavelengths long 
compared to the network mesh size, and we assume the 
cross-link positions deform affinely. We find an aniso- 
tropic spinodal, with the dominant wavevector direction 
determined by a competition between the fluctuations 
described by classical elasticity theory, and the interactions 
of the strain field with nematic fluctuations, which tend 
to soften the shear modulus. For systems with azero Flory 
parameter x, nematic fluctuations dominate at the spin- 
odal and the instability is toward layers modulated along 
the strain axis. This modulation comprises related varia- 
tions in the composition, nematic order, and effective 
elastic moduli: in the guest-rich regions there are weaker 
elastic moduli and less orientational order, and the 
converse is true in the host-rich regions. The characteristic 
scattering pattern is of the “abnormal butterfly” type. For 
a given strain there is a crossover a t  a lower nematic 
coupling to a regime where the homogeneous state is 
dominated by elastic fluctuations, with a characteristic 
“normal butterfly” scattering pattern, and for a gel, a 
nonzero incompatibility x between the network and solvent 
can actually lead to a spinodal in this “normal” regime. 

We have performed our stability analysis a t  zero 
wavevector and thus cannot address the late stages of phase 
separation, particularly the kinetics or domain morphol- 
ogy. In the melt these late stages do not exist, of course, 
because any applied strain eventually relaxes. In a gel the 
equilibrium phase-separated state is determined by a 
competition between elastic strain and nematic interface 
energies, and is presumably a collection of anisotropic 
domains. The detailed morphology is determined by the 
nonlinearities in the theory, which we have not addressed. 
We also note that the nature of critical points in nonlinear 
elastic theories has been addressed by Golubovii. and 
L ~ b e n s k y , ~ ~  who predicted that strain fluctuations sup- 
press true critical behavior in favor of a first-order 
transition, with apparent mean-field critical behavior. 

Finally, we place this mechanism for producing the 
“abnormal butterfly” pattern in the context of several 
recent closely related theories. These may be grouped 
into theories which consider either (1) composition- 
dependent elastic mod~li ,2~J4 or (2) inhomogeneous elastic 
moduli, in terms of either heterogeneities in the cross-link 
d i s t r i b ~ t i o n ~ ~ v ~ ~  or, equivalently, inhomogeneous coarse- 
grained elastic m o d ~ l i . ~ ~ , ~ ~  The onset of phase separation 
is a mechanism for introducing inhomogeneities into the 
system aside from inhomogeneous cross-linking, and the 
presence of smaller solvent chains which do not couple 
directly to the strain introduces composition-dependent 
elastic moduli into the system; hence our description is 
consistent with these other theories and may be thought 
of as particular specific microscopic derivation of the 
macroscopic elastic moduli of a polymer gel. In particular, 
we have shown how nematic interactions can soften the 
shear modulus of the system and that the nonlinear elastic 
theory which describes a gel network hence makes use of 
this softening to enhance the “abnormal” butterfly pattern 
of composition fluctuations. 
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Appendix A: Derivation of the Landau Theory 

Here we derive the Landau mean-field theory used in 
the main text. We first replace the operators Qh and $g 
in the Maier-Saupe interaction by their mean values Qh 
and Qg, hence approximating the Hamiltonian by 

7f - = Aw0 Tr[(l  - $)Qh + @QgI2  - 
Ntot 2 

V’Jd3r [(l - 4)H:c:$h + @H:c:$gl (Al) 

We then demand self-consistency through eq 4.10. 
The Landau free energy is determined by Legendre 

transforms from the self-consistent fields to the order 
parameters, and from the end-to-end vector stress II to 
the end-to-end vector deformation W. The remainingtask 
is to calculate 3[ll,Hh,Hg]. After the nonlinear fluctua- 
tions in 6$ are ignored, the host and guest configuration 
integrals decouple from each other, and the mean-field 
partition function (4.1) becomes a product of single chain 
partition functions multiplied by an overall factor which 
accounts for the nematic interaction: 

ZIII,Hh,Hgl = 

(Z$I,Hgl)ngexp LNbtw T r [ ( l -  4)Qh + 4Qg12) (A2) 

The single chain partition function for a chain in a nematic 
field H with a force II applied to the chain end points, 

12 

Z:[II,Hl = Jd3R Drh exp -R.II.R n Wo[uh(s)] X 
{Nrb’ 1: 

may be rewritten as 

where 

is proportional to the propagator for a walk of Nh steps 
with end-to-end distance R, in the presence of a nematic 
field H. Note that only the traceless part of H appears. 
Here Y is a unit bond orientation vector. Now we assume 
Nh is large enough so that we may truncate the integral 
in the brackets a t  quadratic order in k” and expand this 
expression to quadratic order in the nematic field H. After 
some algebra we obtain 

J/[R;H,N,,l N Ip(H)[det M-1(H)l-1’2 X 

e x p t  LR-M(H).R) 2Nhb2 (A6) 

where 
1 . 4  1 @(HI = 1 + -Tr 15 H2 + -Tr 315 H3 + -(Tr 630 H2)2 + 

OW6) (A7) 
and the Gaussian walk has been modified according to the 
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host and guest orientation Qh and Qg, and the strain field, 
V,up Throughout this appendix we use the incompress- 
ibilityrelations 64 = (1 -4)V.u and&(k) = (1 -@)ik.u(k). 
We begin by expanding using eq 6.1 about states which 
minimize the free energy, eq 4.14, according to eqs 4.13a 
and 4.13b. Since the order parameters are of order 1/Nh 
we parametrize the orientational order by 

following matrix: 

M-'(H) = [ 1 - m T r  4 H2]I + zH[ 1 - E T r  23 H2] + 5 
4H2 + O(H4) (A8) 35 

The corrections to the Gaussian walk lead to the O(Nh-') 
corrections to the host Landau coefficients (eqs 4.17). The 
free energy 91h = -kBT In Z:, of the single host chain is 
now 

1 P$[II,HI = -Nh ln &(HI + 2 Tr  In [M(H) - 2 I I l -  

T r  In M(H) (A9) 

where we have discarded constant terms. Upon performing 
a Legendre transform from II to W via eqs 4.8-4.11, we 
find the thermodynamic potential for a single host chain, 

1 @[W,HI = -Nh In I,,(H) - - Tr In W + 2 

2 

1 
- Tr[WM(H) - I1 - i Tr In M(H) (A10) 2 

The final Legendre transform from Hh to Q via eqs 4.10 
and 4.11 yields the single chain host free energy, 

fl[Qh,WI = N,,fNIQhl + L[Tr(W - I) -log det W l -  2 

'AhW:Qh + G A h  1 Tr W2/Nh ( A l l )  5 
In this expansion we have kept terms to O(Nh-2), because 
Q - l/Nh after minimizing, and we assume strains W of 
order 1. Performing the same procedure for the guest 
chains, without the field 11, yields the simpler single-chain 
free energy: 3y[QgI = N$N[@I. 

Up to this point we have only considered the confor- 
mational degrees of freedom. To account for the entire 
free energy change, we must include the constraint that 
the nh chains are connected by cross-links (gel) or 
entanglement points (melt) into a n e t w ~ , r k . ~ ~  This con- 
nectivity may be accommodated, within mean-field theory, 
by multiplying the partition function by the probability 
F'[nh] - (vi nSnhlr, where 2nh is the number of chain ends, 
z is the coordination number (we take z = 41, u is the 
volume of a cross-link, and VI V is the a priori probability 
of a cross-link occurring. The contribution to the free 
energy from this constraint is then F,,, = - ~ B T  In 7'. This 
contribution changes under deformations which do not 
preserve volume, ~ i e l d i n g ~ ~ y ~ l  

(A121 
1 
4 

Combining the single-chain free energies for nh host 
chains and ng guest chains, the contribution due to nematic 
interactions (1.e. the last term in eq A2), and the con- 
nectivity correction AFnet, we obtain the total deformation 
free energy: 

FIW,Qh,Qg,$l = n&[Qh,w1 + npgfNIQgl - 

pm,,, = -nh Tr  hl w 

LNt,,w 2 W(1- d)Qh + $Qg12 + U,,, (A131 

The free energy density quoted in the text, eq 4.14, follows 
upon normalizing F by the total monomer number Ntot = 
lZhNh lZ,Ng. 

Appendix B: Calculation of the St ruc ture  Factor 
In this appendix we outline the reduction of the 

fluctuation free energy to an effective free energy governing 
composition fluctuations. The fluctuating quantities are 

and similarly for the guest, where we use the following 
basis of orthonormal traceless-symmetric tensors: 

e5 = .\/i2(39 + $3) (B2e) 
which satisfy ea:eb = 6&. The fluctuation free energy in 
the presence of W, Qh, and Qg is (expanding eq 4.14 
according to eq 6.1) 

WABel:V,uVBu - (e,W),BVBu-Vu,] + 

In obtaining this we have used the relation a Wa&3(Vxup) 
= W a h ~ ~ p  + W P A ~ , ~ ,  which follows from eq 2.12. Po~lrp  = 
'12(6,,6,9, + 6opSap - 2/~6,,&,) is the projector onto traceless- 
symmetric tensors. We have defined coefficients 

a h  = Ah - W ( 1 -  $) + cs2/Nh2 (B4a) 

@h = 2BhSh/Nh (B4b) 
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We now transform to Fourier space and make the 
simplifying approximation of keeping terms only to order 
I/&,'. This enables us to replace V,ub above by 
i&,&&(k)/(l- 4) and drop the transverse strain degrees 
of freedom, because an explicit integration over the 
transverse strain degrees of freedom introduces terms of 
order l/Nh3 or smaller. We then have 

5, = &.e,W.f; ( B W  
and, for uniaxial strain, 

1 t1 = -[cos' B(2A' + A-') - A-ll (B16a) & 

It  is now straightforward to integrate out the orientation 
fluctuations 6Qh and SQg to obtain the free energy 
governing strain and composition fluctuations. To perform 
these Gaussian integrals, we project the order parameter 
onto the basis (e,) and perform the integration over the 
amplitudes of the independent modes (q). For example, 
terms involving Q g ,  which appear in the form 

where 

(KB),k = ea:M:eb (BIOI 
and similarly for V. (We sum over repeated Latin indices 
a ,  b = 1, ..., 5.) For the case at hand a direct calculation 
shows that 

( F ) a C 1  = lYgbab - P, Tr(e,eleb) + Yg6,16b, (B11) 

U, = W4(1- rb)[v*U6,1(sg - sh)/Nh $1 0312) 
The Gaussian integral over the independent degrees of 
freedom ($1 may then be performed immediately. We 
perform the integral over the host degrees of freedom in 
an analogous manner, introducing 

(Kh)aC1 = ahaab - P h  Tr(e,eleb) + yhaaldbl - 
w2$(1 - 4)qb (B13) 

Explicit calculation shows that Tr(e,eleb) = diag(1,-1, 
l/z,l/~,-l)/d6 is a diagonal matrix in the indices a, b = 1, 
5; and hence so are Kg and Kh. We finally arrive at the 
following effective free energy in terms of strain and 
composition fluctuations: 

W A p , : V , ~ V P ~  - (elW),PVpu.Vu,] + 
2Ah(1- 4) 

25N: 
[2(W.Vu):P:(W.Vu) + (ww),Pv.u,VPu + 
WhpWaPVauhVpp - (WW),BVpu,V.ul (B14) 

Here we have introduced .$, = (1 - 4) Tr[e,W(Vu)]. 

(B16b) 1 5' = -A-'sin2 e v5 

(B16c) 1 t3 = -(A' + A-1) v5 
E4 = 55  = 0 (B16d) 

Performing this substitution yields the free energy in 
the text, eq 6.3, with the following wavevector-dependent 
contribution to the structure factor, SO-'($), given to order 

by 

W ~ q , l  - 2x 
This is one of the primary results of this work. We have 
renormalized the order parameters to 

(B 18) 

and similarly for the guest, where S, and s h  satisfy the 
equilibrium conditions (4.13a) and are of order 1/Nh (Sh 
= (3/2)l/'sh/Nh, Sg = (3/2)1/2sg/Nh). In this expression 
we have defined several angular functions which, for 
uniaxial volume-preserving ( c  = 1) strain take the forms 

Qh = s h ( i i  - SI) 1 

($4 = cos e)  

Io(&) = &-W-& = +A2 1 - A-')(3 cos' 6 - 1) (B19a) 

(B19b) Jl(&) = &.W& = (A' - A-') cos' e + A-' 

J2(d) = T;.W'.& = (A4 - A-') COS' 6 + A-' (B19c) 
lo&) vanishes and J l ( f )  and J&) become unity for zero 
strain (A = 1). 
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